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Abstract. Based on the analogy between knots and primes, J. Hillman, D. 
Matei and M. Morishita defined the Iwasawa invariants for sequences of cyclic 
covers of links with an analogue of Iwasawa's class number formula of number 
fields. In this paper, we consider the existence of covers of links with prescribed 
Iwasawa invariants, discussing analogies in number theory. We also propose and 
consider a problem analogous to Greenberg's conjecture. 



1. Introduction 

Let L = Ki U K2 U • ■ ■ U be an r-component link in the 3-sphere S"^ . Let 
C-ij = \k{Ki,Kj) be the linking number of the components Ki and Kj {i 7^ j). Let 
X be the complement of an open tubular neighborhood of L, and Gl = t^i{X) 
the link group of L. Let vr : X — )■ X be the maximal abelian cover of X. Let 
[rrii] E Gl he the class of the meridian of the component Ki, where we regard 
rui as a loop from the base point * of X. Then ifi(X;Z) ~ Aut(X/X) ~ Gl/G'^ 
is generated by ti = [mj]G"^ (i = 1, 2, ■ ■ ■ , r) as a free Z-module of rank r, where 
is the commutator subgroup of G^. Put the Laurent polynomial ring Ar = 
Z[tf\tf\ ■■■ , tf^] ~ Z[Gl/G'l]. Then the Alexander module Al = Hi{X, 7i-\*); Z) 
and the link module Bl = i/i(X;Z) ^ G'l/G'[ are finitely generated ylr-module, 
where G'[ is the commutator subgroup of G'^- 

Based on the analogies between link groups and Galois groups of number fields 
with restricted ramification (cf. [IB] [IS] [20] etc.), we regard X as an analogue of 
the maximal free abelian pro-]9-extension of a number field k, where p is a fixed 
prime number. Then the Iwasawa theory for k/k is set up in parallel with Alexander- 
Fox theory (cf. e.g. [1] [21]). Let S = {pi, p2, - ■ ■ , pr} be the set of all primes of k 
lying over p, and Gs = Gs{k) the Galois group of the maximal pro-p-extension of 
k unramified outside S. Then Hi{Gs;I^p) ^ Gs/G'g ~ Ga\(k/k) - U^^^^^ for a 
subgroup G"^ and 5 > 0, where Zp is (the additive group of) the p-adic integer ring, 
and r2 is the number of infinite complex places of k. Leopoldt's conjecture predicts 
that 5 = for any k and p (cf. [27] Theorem 13.4). For the simplicity, we assume 
that (5 = throughout this paper. If k has the class number /i^ ^ (mod p), Gs/G'g 
is generated by TiG'g (i = 1, 2, ■ ■ ■ , r2 -|- 1) where each is an element of inertia group 
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of some pj. The S'-ramified Iwasawa module X5 = G'g/G'g is a finitely generated 
Zp[[G5/Gy]-module, where G'g is the commutator subgroup of G'g. 



link L = KiU K2U ■ ■ - U Kr 

hnk group Gl 
Gl/G'l ~ Aut(X/X) ~ W 

meridians [rrij] 
link module Bl ~ G'^/G'i 



primes S = {pi, p2, ■ " " , Pr} 

Galois group Gs 
Gs/G's ~ Gal(k/k) ~ Z;2+i 
inertia groups ( ■ ■ ■ ,Ti,- ■ ■) 
Iwasawa module = G'g/G'g 



For a surjective homomorphism (Xz : Hi{X; Z) — > Z (resp. Gs/G'g — )■ Zp), we have 
an infinite cyclic cover Xz — X (resp. a Zp-extension koo/k) corresponding to the 
kernel. Iwasawa [5] gave a formula for the growth of the p-parts of the class numbers 
in the Zp-extension koo/k (cf. §2). Hillman, Matei and Morishita I^Tj (and [10]) gave 
an analogous formula for the growth of the p-parts of the order of 1-homology groups 
in the tower of p"-fold cyclic branched covering spaces of L along Xz (cf. §2 Theorem 
12.11 (2)). These formulas are described by the Iwasawa invariants A, /i and which 
are closely related to the structure of link modules or Iwasawa modules. 

In this paper, we show some basic properties of Iwasawa invariants of L, discussing 
analogies with Iwasawa theory of number fields. In §2 and §3, we decide the parity 
of A-invariants of L and the existence of L with prescribed A- and /i-invariants. We 
also give some examples of 2-component links L with explicit Iwasawa invariants. In 
§4 and §5, we propose and consider an analogous problem to Greenberg's conjecture 
which asserts that the maximal unramified quotient of 3is is pseudonull. 

Notations. For a noetherian unique factorization domain A and a finitely generated 
yl-module A, we denote by rankyiA the free rank of A. The divisorial hull of an ideal E 
is the intersection of all principal ideals of A containing E (cf. [6] p. 49). Let E^2\A) 
be the ith elementary ideal of A, and Z\^''(yl) a generator of the divisorial hull of 
E^2\^) as a principal ideal. A finitely generated torsion yl-module A is pseudonull 
if and only if the divisorial hull of the annihilator ideal AnUyiA is A (cf. [B] Theorem 
3.5), i.e., AihiaA has at least two relatively prime elements. We denote by |y4| the 
order of a Z-module A. Note that \A\ = if yl is infinite. Let Vp be the additive p-adic 
valuation normalized as Vp{p) = 1, and ^p^{t) = X]r=o(^^" = (^^" ~ l)/{t'^" ^ — 1) 
the p"th cyclotomic polynomial for n > 1. 

2. Iwasawa invariants and Alexander polynomials 

For f{t) E Ai = Z[t^-^], we denote by deg'/(t) the reduced deg Laurent 
polynomial. The Alexander polynomial of L is defined as 



Al = AL{h,h, ■■■,tr) = A^PiA^) = A'Z{Bl 
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up to multiplication by units in A^. (cf. [12] Proposition 7.3.4 (2)). For z = {zi, Z2, ■ ■ ■ , Zy) G 
U' such that gcd(zi, Z2,--- ,Zr) = 1 and 111=1 0; we define a surjective homo- 
morphism 

: Hi{X;Z) Z : U Zi. 

Then Ker cxz corresponds to an infinite cyclic cover Xz — > X, and the reduced Alexan- 
der polynomial associated to is defined in Ai ~ Z[Aut(Xz/X)] as 

AL,.it) = Af^{H,{X^-Z)) = (t - l)Z\i(t^^^^^■■■ ,^^0 

if r > 2, and AL,^{t) = AL{t) if r = 1 (cf. [12] Proposition 7.3.10 (1)). For 1 = 
- ,1), Xi is called the total linking number covering space of X. Let M^^p^ — )■ 

be the Fox completion (cf. e.g. [20]) of the p'^-fold subcover X^^pn X of X^ X . 
Then M^^pn — )■ S*^ is a cyclic branched cover of L associated to X^ pu — )• X. 

For a fixed prime number p, we put Ai = Zp[[T]] the ring of formal power series. 
We can regard Ai as a subring of Ai by identifying t = 1 + T. If z^i^z(t) 7^ 0, 
Al,z{^ + T) G Ai is uniquely written as 

AlA^ + T) = p''^-PlAT)U{T) 

by the j9-adic Weierstrass preparation theorem ([23 Theorem 7.3), where < yUj^ ^ G 
Z, f/ (T) G ylf and Pl,x{T) is a distinguished polynomial of degree Xl^^ = deg Pi ^iT) < 
deg A L^t), i.e., a monic polynomial such that Pl,z(T) = T'^^-^ (mod p). Further, if 
^L,z(t) G Z[t], then U{T) G Zp[T] ([27] Lemma 7.5). 

As pointed out by Mazur [T7], the objects analogous to these invariants are as 
follows. The Zp-extension koo/k is regarded as a tower of cyclic subextensions kn/k of 
degree p". The Galois group Y^^ of the maximal unramified abelian pro-p-extension 
over fcoo is a module over Ai ~ Zp[[Gal(A;oo/fc)]] : 1 + T o 7, where Gal(fcoo/^) = 1^'' ■ 
The Iwasawa polynomial is defined as p^''°^ Pkoo{T) = A^^\Yk^) where Pk^{T) is 
a distinguished polynomial of degree Afc^. Then there is an integer satisfying 
Iwasawa's class number formula (cf. e.g. \27\): 

Vp{\Cl{kn)\) = Afc^n + /ifc^p" + 

for all sufficiently large n, where Cl{k) denotes the ideal class group of a number field 
k which is analogous to Hi (M; Z) of a rational homology 3-sphere M. 

infinite cyclic cover Xz — )■ X i — )■ Zp-extension koo/k 

Mz,pn S'^ i — )■ k C ■ ■ ■ C kn C ■ ■ ■ C koo 

Alexander polynomial A^^^{Hi{Xz;Z)) < — y Iwasawa polynomial A^^\Yk^) 

As an analogy of Iwasawa's formula, we have obtained the following theorem (cf. 
[7] Theorem 5.1.7, [10] Theorem 2.1 and its proof). 
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Theorem 2.1. (1) Put v = max{vp{zi) 1 1 < i < r }. For all n > v, we have 
\H,{M,^pn;Z)\ = \H,{M,^,.;Z)\ | J] ^^^,,(0 . 

CP" 5^1 

(2) // |i7i(Mz pn; Z)| 7^ for any n, there is an integer z/^ z such that 
for all sufficiently large n. 

Remark. The formula of (1) is a direct consequence of Mayberry-Murasugi's formula 
(cf. [TB] [21])- The formula of (2) is induced from (1) by similar arguments to the 
proof of Theorem 5.1.7 of [7|. 

By the basic properties of Alexander polynomials, we obtain the following theo- 
rem, which decides the parity of A^^z and the existence of L with prescribed Al,i and 

Theorem 2.2. (i) If r = 1, then Xl,z = A*l,z = and (Mz^pn; Z)| 7^ for any n. 

(ii) > 2, then A^^z > r — 1 and 

_ r r - 1 (mod 2) if p ^ 2 

= 1 deg' Z\^,z(t) = 1 + E:=i ^.(1 - E,,.. h,) (mod 2) z/p = 2 

/or any z swc/i t/iat Z\i z(^) 7^ 0. 

(iii) For eac/i r > 2 and for any < £, m G Z, there is an r-component link L 
such that 

Al,i = r - 1 + 2£, ^L,i = m 
and \Hi{Mipn; Z)| 7^ for any n. 

Proof, (i) Note that z = ±1. Since Ai^^i^) = ±1 and $pn[l) = p, $pn[t) does not 
divide Z\L,z(t) and Ai^zi^ + T) G If. Therefore Xl,^ = = and \Hi{M^^pn;Z)\ ^ 
for any n by Theorem 12. II (1). 

(ii) By Corollary 4.13.2 of [6], Z\L,z(t) is divisible by {t - l)''-\ i.e., Pl,z(T) is 
divisible by T*""^. Therefore Al^z > r — 1. We may assume that Ai^zit) G Z[t] and 
^L,z(0) 7^ 0. Put A = Xl,z, /i = /iL,z, P(T) = Pl,z(T) and T = (1 + T)-i - 1. 
By the Torres conditions (cf. [6J etc.), we have Ai^zit) = {—ly^^f^ A^zit^^) where 
d = deg AL,z{t) = 1 + Y7i=i - Z^jVi (mod 2). Then we have 

/^L,z(l + T) = p^P(T)f/(T) = p^(-l)'"-i(l + TfP{f)U{f) 
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with a distinguished polynomial P{T) = + Yl!i=o ^^'^^ = (mod p) and U{T) G 
If nZp[T]. Since 

A-l 

(l+T)^P(t) = i-T)^ + Y,c^{-Ty{l + T)^-' 

i=0 

= p(-i)t^+x:e<^-(-i)'(-:!V' 

and the distinguished polynomial P{T) dividing Al^z{1 + T) in Ai is unique, then 
P{T) = P(-l)-i(l + r)^P(T) and hence f/(T) = (-l)'^-ip(-l)(l + Ty-^Uif). 
Since f/(0) = (-l)''-ip(-l)f/(0), we have (-1)''^^ = P(-l) = (-1)^ (mod p) and 
U{T) = (1 + Ty-^U{f). Therefore A = r - 1 (mod 2) if p ^ 2. Suppose that p = 2, 
and put M(t) = U{t - 1) G Z2[t]. Since M(t) = f^-^u^t-^) and m(1) = f/(0) ^ 
(mod 2), then degu(t) = d — X must be even. Therefore X = d (mod 2) if p = 2. 

(iii) Put V(t) = p'^t-^t - 1)2^ G /li. Since V(t) = V(t-^) and deg' V(t) is even, 
there is an r-component link L such that Z\j^i(t) = {t — lY~^'V{t) by [8J. Then 
Xl,i = r — 1 + 2i and fiL,i = By Theorem 12. II (1), we have |ifi(Mi^pn; Z)| 7^ for 
all n. □ 

Remark. We note that Xl,i = t — 1 (mod 2) even if p = 2. If p splits completely in 
k, we have an analogy: 

r-'\PL,i{T), Xl,i > r - 1 ^ r-^|Pfc;^yc(T), A.^yc > 

where k'^^/k is the cyclotomic Zp-extension (cf. e.g. [3]). Refer to [I] (resp. [23]) for 
the existence of koo/k with prescribed A^^ (resp. /ifc^). 

3. 2-component links 

In this section, we consider the Iwasawa invariants of 2-component links. 

Lemma 3.1. For a 2-component link L = Ki U K2 and any z = {zi,Z2) with 
gcd(zi, Z2) = 1, we have \Hi{Mz^pn] Z) | 7^ for allO < n < v = max {vp{zi), Vp{z2)} = 

Vp{ziZ2). 

Proof. We may assume that v = Vp{z2) > Vp{zi) = 0. Since the covering space X^^pn 
for n < V corresponds to the kernel of 

Zi"^ o modp" o (Tz : Hi{X; Z) Z/p"Z : ti 1 mod p", ^^ mod p", 

then Mzpn is the cyclic branched covering space along Ki. Since Z^x^(l) = ±1^0 
(mod p), then $pn{t) does not divide Ax^it) for all n > 1, and hence \Hi{Mz^pn] Z)| = 
± ncp"=i ^^i(C) 7^ foi' any n < V. □ 
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The following theorem shows the relationship between the linking numbers and 
Iwasawa invariants. 

Theorem 3.2. For a 2- component link L and any z, X^ ^ = 1, Hl^^ = «/ and only 
if Vp{ii2) = 0. Moreover, then \Hi{Mz,pn] Z)| 7^ for any n. 

Proof. By the Torres conditions [26j, we have 

ALitiM) = Ht — ^^K,{h)AK,{t2) + (^1 - 1)(^2 - l)f{tiM) 

tit2 — i 

with some f{tiM) e M- Then Al,^{1 + T)/T = Al{1, 1) = ±£12 (mod T). Suppose 
Vpi^u) = 0. Then (Pp^(t) does not divide AL,z(t)/{t — 1) for any n> 1 and Al^z{)- + 
T)/T G A^. By Lemma ISTT] and Theorem 12.11 (1), we have A^^z = 1, /i^^z = and 
|ifi(Mz,psZ)| ^ for any n. If ^^(£12) > 0, then Z\l,z(1 + T)/T ^ If and hence 
Al,z > 2 or /ii^z > 1. □ 

Since the linking numbers are analogous to the power residue symbols, Theorem 
13.21 can be regarded as an analogy of Gold-Sands's theorem (cf. [2], [25] Proposition 
2.1). Let k be an imaginary quadratic field in which p splits completely. Then S = 
{pi, P2} and r2 = 1. There is some 7^2 E k such that P2'' = (^2) as a principal ideal. 
Gold-Sands's theorem implies that Xk^ = 1 and /x^^ = (i.e., Y^^ = Gal{k/koo) — 
Zp) for any Zp-extensions k^o/k in which both pi and p2 ramify if and only if h^. ^ 
(mod p) and 7r2~^ ^ 1 (mod pf), i.e., is not pth power residue modulo pi- 

L = KiU K2, Gl/G'l -I? ^ S = {pi, P2}, Gs/G's ~ Z^ 
|ifi(S3; Z)| = 1, Vp{li2) = M /ife ^ (mod p), tt^' ^ 1 (mod pi) 
t t 

Al,z = 1, yUL,z = i )■ Afc^ = 1, /ifc^ = 

As a generalization of this result, Ozaki [22] proved that if Greenberg's conjecture 
(cf. §4) holds for k/k then A^^ = 1 and ^koo — but finitely many koo/k. 

On the other hand, the following theorem implies that if fp(£i2) > 0, in particular 
£12 = 0, then Xl^z is not necessary bounded as z is varied. 

Theorem 3.3. (1) Let L = Ki U K2 be a 2-component link as in Figure Ui where 
1 < m G Z. Then 

Al,z = 1 + P'''^''^ + 3p^-(^^), /Xi,z = Vp{m) 

and \Hi{Mz^pn; Z)| 7^ for any n. 

(2) Let L = G{2a,2b, —2a) be a 2-bridge link in a Conway's notation, where 
7^ a, 6 G Z. Then 

Al,z = 2 + p^-^'^'^^ + ip"-^^^ - l)p-^(^i+-^), ^L,. = Vpib). 

Moreover, |iJi(Mz,pn; Z)| 7^ for any n if and only if Vp{ziZ2) > Vp{a). 
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Proof. For any 1 < 2; G Z, we note that 

i=0 

(1) By direct computations, one can see that ALiti,t2) = m{ti-l){t2-lf. Then 
^L,z(^) = "^(t - l)(t''^ - - 1)^ which is not divisible by <Ppr^{t) for all n > v. 



Therefore \Hi{Mz,p"; Z)| 7^ for any n by Theorem 12.11 (1) and Lemma [3.11 Since 

^L,z(l + T) = p"^('")T((1 + Ty'"^^'^ - 1)((1 + Tf^'^^'^ - lfU{T) 

with some U{T) G ylf , we obtain the claim (1). 
(2) By [TlJ etc., we have 

I1I2 — i 

Put V = Vp{ziZ2). Then AL^^it) is divisible by (Pp^it) if and only if n < f or Vp{zi + 
Z2) < n < Vp{a{zi + Z2)). Note that Vp{zi + ^2) = if f 7^ 0. By Theorem 12.11 (1) 
and Lemma 13.1 [ |ifi(Mz^pn; Z) | = for some n > f if and only if Vp{a) > and 
V < Vp{a{zi + Z2)), i.e., Vp{a) > v. Since 

AUl + T)= f^^'^n{l + TY - U{T) 

with some U{T) G /li , we obtain the claim (2). □ 

In the case where p = 2, Theorem 12.21 (iii) and the following theorem show the 
existence of a pair of 2-component link L and z with prescribed ^ > 1 and fi^^z > 0. 

Theorem 3.4. Assume that p = 2. For any < £, m G Z, there is a pair of 
2-component link L and z such that 

Al,z = 2 + 2£, fiL,z = m 
and \Hi{Mz^2"; Z)| 7^ for any n. 
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Proof. First, we consider the case i > 1. Put 

Z\(ti,t2) = 2"(tl-l)(t2-l)(M2 



^-l^-l'jmax{0,£-2} 



and put z = (1,4) if £ > 2, and z = (1,2) if £ = 1. By a consequence of Bailey's 
theorem (cf. [6] Corollary 7.4.1, [14j), there is a 2-component link L such that Al = 
A{ti,t2) (and £12 = 0). Then 



^L,z(t) 



2™(t - l)2(t4 _ l)(tlO + 1)^-2^-5(^-2) if ^ > 2 
2"^(t- l)2(t2 _ 1) if^ = l 



and |ifi(Mz ^)| 7^ for any n by Theorem 12.11 (1) and Lemma [3. II Since 



2'"T2((1 + T)4 - 1)((1 + T)2 + 1)^-2^(T) if £ > 2 
2'"T2((1 + T)2 - l)f/(T) if£=l 

with some f/ (T) G ylf , we have A^^z = 2 + 2£ and j^L ^, = 

If £ = m = 0, put L = C(4) the 2-bridge link, and put z = (1, 2). Then we have 
= tit2 + 1 by [llj and hence Z\L,z(t) = (^ - l)(t^ + 1)- By Theorem O (1) and 
Lemma EH \Hi{M^^2^-Z)\ ^ for any n. Since Z\l,z(1 + T) = r((l + T)^ + 1) = 
T2(1 + T + T2) ^ (mod 2), we have Al,z = 2 and /iL,z = 0. 

Suppose that £ = and m > 1. Put u{t) = (t^'" - t-'^"')/{t - t~^) and (3{t) = 
r2'"(t - l)(t2™+^-i - 1) G /li. Since z/(t-i) = u{t) and /3(t-i) = /3(t), there are 
monic polynomials N{x), B{x) G such that N{t + 1"-*^) = t/(t) and B{t + 1""*^) = 
(3{t). Then degA^(x) = 2™ - 1 and deg5(x) = 2™. Note that the determinant of 
the Sylvester matrix Q of N{x) and B{x) is the resultant Resz(A^, -B) of N{x) and 
B{x). Let be a primitive 2'""'"^th root of 1. Since the roots of N{x) are + C~* 
(z = 1,2, ■■■ ,2™-l), we have 

2 



|Resz(iV,5)p 



2'"-l 



^-1 



n /5(c) 



i=l 



|/3(-l)|-^ = 22"^ 



n + 

i=l 

and hence Resz(A^, -B) = ±2™. Since each row of Q is contained in the kernel 
of the surjective homomorphism Z^™^^^^ — )► Z[x]/{N, B) : (a2m+i_2, ■ ' ' ,0.1, o-o) ^ 
a2m+i_22;^'"^^~^ + ■ ■ ■ + aix + mod (A^, B), we have 

2^*" = ±Resz(A^,5) G Ej'^(Z[a;]/(A^, 5)) C Ann2(Z[x]/(A^, 5)). 



Therefore there exist some F{x), G{x) G Z[a;] such that 2™ = A^(a;)F(a;)+-B(x)G(a;) = 
z/(i)F(t + r^) + /3(t)G(t + r^). Put /(ti, t2) = F{tit2 + t^H^^), g{ti, 12) = G{tit2 + 



I L2 ) and put 



A{h,t2 



{ht2r^' 



tlt2 



-f{h,t2)-{h-l){t2-l)^^'*' 



2^m-\-l _ ^ 



tlt2 



-g{ti,t2)- 
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Since z/(l) = 2"^ and = 0, then /(1, 1) = F(2) = 1 and hence F{t + 1'^) is not 
divisible by <?2"(^) for all n. By a consequence of Bailey's theorem (cf. [0] Theorem 
7.4, [H]), there is a 2-component link L such that Al = f{ti,t2)^A{ti,t2) for some 
z>0 (and ^12 = 2"^+^). For z = (2, -1), we have 

^L,z(t) = (t'-i)F(t + ri)^(z/(t)F(t + ri) + /3(t)G(t + ri)) 



and |iJi(Mz 2"; Z)| 7^ for any n by Theorem 12.11 (1) and Lemma [3.11 Since F((l + 



Remark. If £12 = 0, then AL{ti,t2) is divisible by (ti — l)(t2 — 1) and therefore 
Al,z > 3. Since 1) = ±^2, we have < Vpiiu) if iu 7^ 0. If p = 2 and A^^^ 

is even, then £12 is even and zi + Z2 is odd by Theorem 12.21 (ii). 

4. Greenberg type problem 

We shall consider a problem analogous to Greenberg's conjecture. Put the ring 
Ar = Zp[[Ti,T2, ■ ■ ■ ,Tr]] of r-variable formal power series. Let G be a pro-p group 
with a surjective homomorphism ip : G ^ G/G' = YVi=ilf'' — and G" be the 
commutator subgroup of G' . Then G' /G" is a module over /l^ ~ Zp[[G'/G"]] : 1 + Tj <(-)■ 
7i, and the completed differential module of G is defined as 



(cf. [20] §9.3). For the pro-p group G5, = G'g/Gg is the S'-ramified Iwasawa mod- 
ule which is a finitely generated /Irj+i-module, and we have the completed Crowell 
exact sequence 

-4 Xs ^ 21gs ^ Ar^+i ^ Zp ^ 

where 9i{gG'^) = dg and e2{dg) = ^{g) - 1 (cf. [18j §2.2, [20] §9.4, [21]). Let Ms be 
the ylr2+i-submodule of 21^^ generated by dr where r are the elements of the inertia 
subgroups of G5. Then M5 H Ker 62 is generated by dr such that = 1, and hence 

= X5/6'j"^(M5 n Ker ^2) is the Galois group of the maximal unramified abelian 
pro-p-extension of k. Greenberg [5] conjectured that the unramified Iwasawa module 
Y-^ is a pseudonuU ylr^+i-module. 

The analogue of Y-j^ is defined in a similar way as follows. Let ip : Gl ^ Gl/G'i^ 
be the natural surjective homomorphism, and put the differential module 



T) + (1 + T) ^) & A^ , we have Xl,z = and fiL,z = 



□ 



= Ardg / {d{gig2) - dgi - %i){gi)dg2 {gi G G)) 
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of Gl. Let [rhi] G be the class of a lift rhi of rrii with endpoints in 7r~^(*), and 
the yl^-submodule of generated by [fhi] {I < i < r). Since 21^ ~ : d[mi] o [rhi], 
Ml is an analogue of Ms, and we have the Crowell exact sequence 

^ Bl% Al ^ Ar ^Z^O 

(cf. [6] p.70, 78). Thus the analogous module Yl = Bl/Oi'\Ml n Ker ^2) is defined. 

"unramified" link module Yl < — > unramified Iwasawa module Yj: 

Remark. It is known that rank^ +1^^ ~ and Xs has no nonzero pseudonuU ^r2+i" 
submodule (cf. [1] [21]). As analogous properties, we know that rankyi^i^L < r — 1 and 
that Bl has no nonzero pseudonull yl^-submodule if rankyi^i^^^ = (cf. [12j Corollary 
7.3.13, [6J Theorem 4.12 (2)). 

rankyi^i?L < r — 1 i — > rank^ Xs = r2 

Then the following problem arises as an analogue of Greenberg's conjecture. 

Problem. Is Yl a pseudonull Ar-module ? 

For this problem, we obtain the following criteria and examples. We denote by A^j 
the localization of Ar by the multiplicative system J = {/ G ylr|/(l,l,-- - ,1) = 1}. 
Note that Ar^j is flat over Aj. (cf. [T5] §7). 

Theorem 4.1. (i) If Al has no prime factor f such that /(1, 1, ■ ■ ■ , 1) = ±1, then 
Yl is a pseudonuU Ar-module. 

(ii) Ifr = l, then Yl is not a pseudonuU Ai-module. 

Proof, (i) By Levine's theorem [T3] (cf. [B] Theorem 4.13), we have [Al/Ml) ®Ar 
Ar^j = and hence Yl ®yi^ Arj = 0. Then there exists some / G Ahiia^Yl such that 
/ G J. On the other hand, Al G E^^I{Bl) C Anuyi^i^L C Annyi,.FL. Since Al and 
/ are relatively prime in A^- by the assumption, the divisorial hull of Ann^i^y^ is A^, 
i.e., Yl is pseudonull. 

(ii) By Theorem 4.12 (1) (2) of [B], Al Bl ® Ai, and Bl is /li-torsion and 
has no nonzero pseudonull yli-submodule. Since {Al/Ml) Aij = by Levine's 
theorem [I3j again. Ml = Ai[mi] ~ Ai and hence Ml fl Ker6'2 = Ml n 6i{Bl) = 0. 
Therefore Yl = Bl is not pseudonull. □ 

Example. (1) Let L be a 2-component link as in Figure [H Then Al = m{ti — 
l)(t2 — 1)'^ and hence Yl is a pseudonull yl2-module. 

(2) Let L = C(2p™', 26, — 2p™) be a 2-bridge link where p is a prime number. 
Then we have Al = h{ti — l)(t2 — 1) 11™=! ^^"('^i^z) as in the proof of Theorem 
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13.31 (2). Note that <?pn(tit2) ^ J since ^p"(l) = p. Suppose ^p^(tit2) has a factor 
f e J n Z[ti,t2] such that /(0,0) 7^ 0, and put g = <Ppn{tit2)/ f. We denote by deg^ 
the degree as a polynomial of one variable tj. Since ^pn(ti) is irreducible, we have 
g{ti,l) = ^pn(ti) and /(ti, 1) = 1. Then deg^ c/(ti, ta) > degi^(ti,l) = deg^ ^^^(tits) 
and hence deg^ f{ti,t2) = 0. Similarly, deg2/(ti,t2) = 0. This implies that / = 1. 
Therefore Yl is a pseudonull yl2-module. 

5. Pro-p link module 

We can also regard the pro-p completion Gl of Gl as an analogue of Gs- Then 
Gl/G'j^ — where G'^^ is the commutator subgroup of Gl- By identifying = Tj + 1, 
ylr and Ar^j are regarded as subrings of Ar ~ Zp[[G'L/G'y]. Since Ar ~ ^imylr,j/m" ~ 
^im/lr/m"' where m = (p, Ti,T2, ■ ■ ■ ,Tr) is the maximal ideal, A^ is flat over A^ and 
over Aj.^j (cf. [12] Theorem 8.8). By the following proposition, = is 
also an analogue of Xs- Let G'l be the commutator subgroup of G^, and put the 
completed Alexander module Al = Al Ar. 

Proposition 5.1. 5^ ~ G'^/Gl- 

Proof. There is a natural homomorphism Lp : Bl ^ {G'l/G'D ~^ G'j^/G'[. For 

the natural homomorphism i}) : Gl — ?• Gl/G'^, the completed differential module 2lg^ 
of Gl is deflned. By [7] (3.1.2) (3.1.6) and ^ Theorem 9.14, we have ~ Al. 
Then there is a commutative diagram 

i'^ ?l ?l l\ 

0^ G'i/G'^ -> 2tg^ ^ ^ Zp ^0 

with exact rows, where the bottom row is the completed Crowell sequence for Gl. 
Therefore is an isomorphism. □ 

The following proposition is a background of Theorem 13.21 

Proposition 5.2. If r = 2, then Bl ~ 12/(^l(1 + Ti, 1 + T2)). Moreover, if 
Vp{£i2) = 0, then Bl = 0. 

Proof. Since E^^^{Bl) = ^2^l (cf. [S] Theorem 4.6 (4)) and the presentation matrix 
of Bl is the same to that of Bl, we have Ef^{BL) = ^/\l(1 + Ti,l + T2). By 
Theorem 4.7 of Bl — {Bl ^2,j) ®/i2 j ^2 is a cyclic yl2-module. Therefore 
5i - A2/{Al{1 +TUI + T2)) (cf. [27] p.299 Example (2)). Since Z\l(1, 1) = ±^12 
by the Torres conditions [26], we have 7^ /\l(1 + Ti, 1 + T2) G H Ann;f^_BL if 
t;p(£i2) = 0. Then Bl = 0. □ 
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Remark. 1^ = for the analogous situation (cf. §3). This proposition is also a 
consequence of Theorem 1.1.6 of [7|. 

A pTo-p version of Greenberg type problem has trivial answer as follows. 

Proposition 5.3. Yl (8>yir Ar = 0. 

Proof. By Levine's theorem [I^, Yl A ~ (Yl A ~ ^a^^j A - 

0. □ 

This proposition implies that the Iwasawa invariants z, fiL,z and ul^z are related 
to only the structure of the module Ml A genetared by meridianal elements. 
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